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1 The problem

Consider the controlled system having the state space representation described by:

d(t) = [Ao(m)2(t) + Bi(ne)ua(t) + Ba(ne)uz(t)ldt + Ay (ne)(t)dw(t),
.T(to) = Xy, (1&)
2k(t) = Ce(ny)z(t), k=1,2, (1b)

t € [to,tf] C [0,00), where z(t) € R™ is the state vector at instance time ¢ and uy(t) € R,
k = 1,2, are the vectors of control parameters. In (1), {w(t)}+>0, is a 1-dimensional standard
Wiener process defined on a given probability space (€2, F,P) and {n;}+>¢ is a standard right
continuous Markov process taking values in a finite set N' = {1,2,..., N} and having the
transition semigroup P(t) = €@, t > 0. The elements g;; of the generator matrix Q € RV*V



satisfy

gij = 0 if @i 7 j, (2a)

for all (i,7) € N x N. Throughout the paper, we assume that {w(t)},
independent stochastic processes. Assume that Ag(i) € R™" k = 0,1
R x R™*" 5 = 1,2 are given matrices.

The set U, of the admissible controls available to the decision makers P, k = 1,2, consists
of the stochastic processes in an affine state feedback form, i.e.,

ur(t) = Fi(t, ne)2(t) + or(t, ) (3)

where t — Fi(t,1) : [to,tf] — R™*™ and t — @x(t, 1) : [to,tf] — R are arbitrary continuous
functions. Roughly speaking, the aim of the decision maker Py is to find a control law (or an
admissible strategy) of type (3), @x(-) € Ur which minimizes the deviation of the signal z(-)
from a given reference signal 74(-), when the other decision maker P, wants to minimize the
deviation of the signal z(-), (I # k) from another reference signal 7(-).

Since this problem is an optimization problem with two objective function, its solution can
be viewed as an equilibrium strategy for a non-cooperative differential game with two players.
For a rigourous mathematical setting of this optimization problem, we introduce the following
cost functions:

Jo(wo; ua(-), uz(+)) =E[(zk(t) — Go) " Gulne, ) (i (ts) — G

ty

+E| / {at) — o))" M) (zult) — ra(0)) (4)

>0 and {n:}+>o are
)

(B;(i), C5(i)

+uy (8) Ria (me)ua () + v () R () ua(t) Yt k= 1,2.

Here ri(+) @ [to,tf] = R™», k = 1,2 is the reference which have to be tracked by the signal
2k(+), and ¢ € R™ %, k = 1,2 is the target of the final value z;(t;). Throughout this work E[]
stands for the mathematical expectation. The weights matrices involved in (4) are satisfying
the assumption:

H1)
(a) (My(i), Rr1(i), Ria(i)) € Sn., X Sy X Smy, @ € N are given matrices;
(b) My(i) >0, Ri(i) > 0, Rep(i) > 0, for all k,l =1,2, 1 #k, Gp(i) >0,i € N.

Here and in the sequel, S, C RP*? denotes the subspace of symmetric matrices of size p X p,
p=>1

Definition 1.1 We say that the pair of admissible strategies (Uy(-),Us(+)) € Uy X Uy achieves
a Nash equilibrium for the differential game described by the controlled system (1), the perfor-
mance criteria (4) and the admissible strategies of type (3) if

Ji(xo;tr(+), ua(+)) < Ji(xo;ur(+), aa(-)), for all uy € Uy (5)
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and
Jg(xg,ﬁ1<>,ﬂ2()) S JQ(IO;al('),UQ(‘)), fOT all Uy € Z/{Q. (6)

In the next section we shall derive explicit formulae of a Nash equilibrium strategy (@ (-), @a(+))
for the LQ differential game described by (1), (3) and (4).

Remark 1.1 We shall see that for the computation of the gain matrices of a Nash equilib-
rium strategy we need to know a priori the whole reference signal r(-). This may done difficult
the implementation of the solution of a tracking problem on long intervals of time, because it
requires big memories. That is way, in applications the signal which must be tracked need to
be as simpler as possible, to be easy to memorize.

2 The main results

In this section we derive explicit formulae for the Nash equilibrium strategy (;(-), us(+)). To
this end we consider the following terminal value problems (TVPs)

X1 (t4) + (Ao(i) — So(i) Xa(t, )T X1(3) + X1 (£, 9)(Ag(d) — Sa(i) Xa(t,4))
+ AT() X (1) A (1) — X0t ) S0 (0) X (t 1) + Xo(t, 1)S12(i) Xa(t, )

+ Y Xa(t, g) + CF (i) My(i)Ch (i) = 0 (7a)

Xo(t,4) + (Ao(i) — Sy (1) X1 (t,9))T Xa(t,7) + Xa(t,i)(Ag(i) — S1(6) X, (L, 1))
+ AT () Xo(t, 1) Ay (1) — Xo(t,)Sa(i) Xo(t, ) + X, (t,1)Se1 () X1 (¢,4)

+ D 0 Xalt, ) + CF () Ma(i) Cali) = 0 (7h)

Xi(tg, i) = Cf (1)Gr (1) Cr(3) (7c)

Fy(t,i) = — Ry, (1) By (1) X (¢, 9) (7d)
ieN, k=12,

Uy (t,0) + (Ao(i) — S1(6) X1 (t,7) — Sa(i)Xa(t,4)) W, (¢, 1)

Wo(t,7) + (Xa(t,0)S1 (i) — X1 (t,9)So (4)) W5 (£, 1) + (Ag(d) — Si(4) X (8, 4)

— Sy(i) X (1)) Wo(t, 1) + Z 4i;Va(t, 7) + CL (i) My(i)ry(t) = 0 (8b)
W(ty, i) = CF (1) Grl@) (8¢c)
or(t, i) = =Ry, (i) By (1) W (t,7) (8d)
i €N, k=1,2.1In (7) and (8) we have denoted
S;(i) = B;(i)R;; (1) BY (0)



RAN N —17- N —17- .
Sjk(i) = Bi(i) Ry (1) Rju (i) Ry (1) By (1)
j=1,2k=3—j. Also we associate the following TVP:

fue(t,8) + > qigpn(t, §) + hi(t,4) = 0 (9a)
pi(tr, ) = G Gr(i)Ck (9b)
ha(t, i) = ri () My (i)r 1(75) + W (t,4)S12(0) ot )

— 207 (,1)S(i) Wyt i)—\iflT(t,z')Sl(i)\ffl(t,z') (9¢)
ha(t, @) = 73 (£) Ma(i)ra(t) + BT (t,7) a1 (6) W1 (8, 4)

— 20T (4, 0)Sy (1) Wy (t,3) — WL(t,3)S5(3) Wy (2, 1) (9d)

In (9), (Uy(-,i),Uy(-,1)), i € N is the solution of the TVP (8).

One obtains:

Theorem 2.1 Assume:
(a) the assumption H1) is fulfilled;
(b) the solution ()?1(-, i), )?2(', i)),i € N, of the TVP (7a)-(7c) is defined on the whole interval
[to, ts].

We set N N

U;(t) = =Ry (ne) B (ne) (X;(t, ) Z(t) + W5(t, me), (10)
Z(-) being the solution of the IVP obtained substituting (10) in (1). Under these conditions
(1(+), tua()) is an equilibrium strategy for the differential game described by the controlled sys-

tem (1), the performance criteria (4) and the admissible strategies of type (3). The optimal
values of the performance criteria (4) are given by

Te(@o; (), s (+)) = o BIXx(to, Mo )Jwo — 228 B[ Wk(to, miy)] + Elfik(to, m1o)],

k=1,2, E/k(~,i), fir(+,1) being the solutions of the TVPs (8) and (9), respectively.

3 Numerical experiments
We consider a numerical example for the stochastic system:

dx(t) = [Aoz(t) + Byuy(t) + Baua(t)]dt + Az (t)dw(t),
iL'(to) = Xy,
Zk(t) = C’kx(t), k= 1, 2
with coefficient matrices:
Ap=[1030;-420-10; -14 8.5-2.50; 0 -2 0 -10];, Ay € R¥*4
A;=[020.-1;00-31.5;-1.450.6-20;0-305]; A € R¥4

4



By =[10;25-14;26]; By=1[01;—-1.5 —3;2 —4;20];, By, By € R™>*2.
C;=1[1.0 —0.250.75 —0.5;0.25 0.75 — 0.5 — 0.25];
Co =12 —0.50.75 —0.045;0.5 0.15 0.35 0.55]; , C},Cy € R4,

The weight matrices for the performance criteria are of the form:

Gy = [0.2778 —0.094; —0.094 0.166];, Gy = [0.2778 —0.133;—0.133 0.31];, G4, Gy € R**2,

M, =[3.2 0.5;0.5 2.5]; M2=1[0.75 0.05;0.05 0.95];, M, M, € R?*2,

Ry; =1[0.8 0.3;0.3 1.5];, Rey=1[0.95 0.65;0.6 1.25];, Ry;2=[06 —0.3;-0.3 1.2];,
Ry =[08 —0.2; —0.21.0; R;; € R¥2

Moreover, r,(t) = 0,k = 1,2 and the targets are ¢; = [0.3;0.8], (s =[0.6;0.9], and ¢ € [0, 1].

For computational execution we use the Euler discretization method as follow:

Xi(jh) = Xp((j + Dh) + hR&((j + 1A, X1((j + 1)h), X2((j + 1)R) )

with k = 1,2,5 = N —1,...,1,0 and X,(Nh) = CIGrCy .k = 1,2,t € [0,1] ,h =
10); Ri(.,.,.) is a Riccati operator defined by (7). Finally , we obtain J;(zo;uy(+),
0.4393 , Jo(z0; U1 (), Us(+)) = 1.3199 for zg = [0.4;0.01;0.2; 0.25] .
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